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Abstrat
The bending map of a hyperboli 3-manifold maps a onvex oompat hyperboli metri
on a hyperboli 3-manifold with boundary to its bending measured geodesi lamination. As
proved in [KeS℄ and [KaT℄, this map is ontinuous. In the present paper we study the
extension of this map to the spae of geometrially nite hyperboli metris. We introdue
a relationship on the spae of measured geodesi laminations and shows that the quotient
map obtained from the bending map is ontinuous.
Introdution
LetM be a ompat, orientable 3-manifold with boundary. Assume thatM is hyperboli, namely
that the interior of M is endowed with a omplete metri σ of onstant setional urvature −1.
Assume also that ∂M ontains a surfae with genus greater than 1. A fundamental subset of
(M,σ) is its onvex ore N(σ). This ore N(σ) is dened as the smallest non-empty losed subset
of the interior of M whih is loally onvex and homotopially equivalent to M . Its boundary
∂N(σ) endowed with the intrinsi metri (given by retiable path length) is isometri to a hy-
perboli surfae of nite volume and an be embedded in a natural way into ∂M . This surfae is
bent along a geodesi lamination and the amount of bending is desribed by a measured geodesi
lamination alled the bending measured geodesi lamination of σ (f. [Th℄ or [CEG℄). This yields
a bending map b whih to a omplete hyperboli metri assoiates its bending measured geodesi
lamination.
In [Bo2℄, F. Bonahon onsiders quasi-isometri deformations of a given metri σ on int(M),
namely hyperboli metris σ′ on int(M) for whih there exists a dieomorphism
(int(M), σ) → (int(M), σ′) whose dierential is uniformly bounded. Let QD(σ) be the spae of
quasi-isometri deformations of a given metri σ, where we identify two deformations
(int(M), σ) → (int(M), σ′) and (int(M), σ) → (int(M), σ′′) if they are isotopi. The onti-
nuity of the bending map b : QD(σ)→ ML (∂M) is proved in [KaT℄, using ideas of Thurston.
Its dierentiability (in a weak sense) is proved in [Bo2℄.
A omplete hyperboli metri σ on int(M) is said to be onvex oompat if N(σ) is ompat.
If σ is onvex oompat, then QD(σ) is the set of onvex oompat metris on int(M). In this
ase, the ontinuity of b : QD(σ)→ ML (∂M) has been proved in [KeS℄ and its image has been
desribed in [BoO℄ and [Le1℄. A omplete hyperboli metri σ on int(M) is said to be geometri-
ally nite if N(σ) has nite volume. When σ is a geometrially nite metri, QD(σ) is the set
of geometrially nite having the same paraboli subgroups as σ. In the present paper, we are
addressing the question of the ontinuity of the bending map on the whole set of geometrially
nite metris. In partiular, we are interested in sequene onverging to a limit with some new
parabolis.
Sine we want to onsider metri whih do not have the same paraboli subgroups, we have
to allow deformations whih are not quasi-isometri. We will onsider the set isotopy lasses of
hyperboli metri on the interior of M . Two metris σ1 and σ2 are identied if there exists a
dieomorphism f : M → M isotopi to the identity suh that σ1 = f∗σ2. We will onsider the
set G F (M) of isotopy lasses of geometrially nite hyperboli metris whih are not fuhsian.
We will topologize G F (M) in the following way. Let us hoose a point x in int(M). A metri
σ2 lies in a (k, r)-neighborhood of σ1 if there exists a dieomorphism g : M →M isotopi to the
1
identity suh that the restrition of g to the ball B(x, r) ⊂ (M,σ1) is a k-quasi-isometry into its
image in (M,σ2). We obtain a basis of neighborhoods of σ1 by letting k tend to 1 and r tend
to +∞. The topology dened in this way does not depend on the hoie of the point x. For a
metri σ ∈ G F (M), QF (σ) an be viewed as a subset of G F (M). The topology of QF (σ) on-
sidered as a subset of G F (M) oinides with the topology given by quasi-isometri deformations
The bending map bG F (M) : G F (M) → ML (∂M) maps an isotopy lass of geometrially
nite metris to its bending measured geodesi lamination. The image of bG F has been desribed
in [BoO℄ and [Le1℄, it is the set P(M) of measured geodesi laminations satisfying the following
onditions:
- a) no losed leaf of λ has a weight greater than π;
- b) ∃η > 0 suh that, for any essential annulus E, i(∂E, λ) ≥ η;
- ) i(λ, ∂D) > 2π for any essential dis D.
Taking a areful look at the behavior of the map bG F , we notie that it is not a ontinuous
map. If a metri σ lies in G F (M) but has some rank one usps, its measured geodesi laminations
λ has some ompat leaves with a weight equal to π. Let us denote by λ(p) the union of the leaves
of λ whih have a weight equal to π. Using the result of [BoO℄, it is not hard to onstrut a
sequene of metris σn ∈ G F (M) with measured geodesi laminations λn suh that the sequene
(λn) onverges to a measured geodesi lamination λ∞ whih diers from λ only on λ
(p)
and whih
have some leaves with a weight greater than π. Using some arguments of [Le1℄, we get that a
subsequene of (σn) onverges to a geometrially nite metri σ∞. Sine λ∞ does not satises
ondition a), it is not the bending measured geodesi lamination of σ∞. Thus we get that bG F
is not ontinuous on any neighborhood of a metri with some rank one usps. To overome
this diulty, we will quotient the spae ML (∂M) of measured geodesi laminations by the
following relationship :
Let λ, µ ∈ ML (∂M) be two measured geodesi laminations and let us denote by λ′ (resp.
µ′) the measured geodesi laminations obtained by replaing by π the weights of the leaves of λ
(resp. µ) whih have a weight greater than π; we set λRµ if and only if λ′ = µ′. We denote by
λ˙ the lass of λ modulo R.
Let us endow ML (∂M) with the weak∗ topology and ML (∂M)/R with the quotient
topology. From bG F (M) we obtain a quotient map bR : G F (M) → P+(M)/R. We will prove
the following result :
Theorem 1. The map bR from G F (M) to ML (∂M)/R is a ontinuous map.
In [Le2℄, we show the reverse of this theorem. This gives rise to a riterion for the strong
onvergene of a sequene of geometrially nite representations ρn ∈ U(M).
The paper is organized as follows. In setion 1, we state some denitions and we prove
some fats about ML (∂M)/R. In setion 2, we study onvex pleated surfaes and prove the
ontinuity of the bending measured geodesi laminations of a onverging sequene of onvex
pleated surfaes. In setion 3 we use the results of setion 2 to prove the ontinuity of bR .
1 Denitions
Let σ be a hyperboli metri (up to isotopy) on int(M). Given an isometry from the interior of M˜
to H3, the overing transformations yield a disrete faithful representation
2
ρ : π1(M) → Isom(H3). The representations that appear in this way will be alled representa-
tions assoiated to σ. The set of representations assoiated to σ is the set of all representations
onjugated to ρ. The image ρ(π1(M)) is a nitely generated torsion free Kleinian group and
int(M) endowed with σ is isometri to H3/ρ(π1(M)). The Nielsen ore of H
3/ρ(π1(M)) is the
quotient by ρ(π1(M)) of the onvex hull C(ρ) of the limit set Lρ of ρ(π1(M)) (see [Th, hap 8℄ for
details). This set N(ρ) and the onvex ore dened in the introdution are isometri and from
now on we will identify them. The thik part, N(ρ)ep of the Nielsen ore is the omplementary
of the uspidal part of H3/ρ(π1(M)) in N(ρ). The representation ρ is geometrially nite when
N(ρ)ep is ompat (here it is equivalent to say that N(ρ) has nite volume) and onvex oompat
when N(ρ) is ompat.
When ρ is geometrially nite and not fuhsian, the natural retration from H3/ρ(π1(M))
to N(ρ) assoiates to σ a homeomorphism (dened up to isotopy) h : M → N(ρ)ep. Suh a
homeomorphism will be said to be assoiated to σ.
Let σ ∈ C C (M) and let ρ and h be respetively a representation and a homeomorphism
assoiated to σ. Let h˜ : M˜ → H3 be a lift of h, we will dene the ompatiation M˜ of M˜ as
being the losure of h˜(M˜ ) in the usual ompatiation of H3 by the unit ball.
Let (σn) be a sequene of isotopy lasses of omplete hyperboli metris on the interior
of M . The sequene (σn) onverges algebraially when there is a sequene of representations
ρn : π1(M)→ Isom(H3) assoiated to σn (as above) that onverges algebraially; namely ρn(g)
onverges for any g ∈ π1(M). We obtain a new representation ρ∞ : π1(M)→ Isom(H3) dened
by ρ∞(g) = limn−→∞ ρn(g) for any g ∈ π1(M). This representation ρ∞ is disrete and faithful
(f. [Jor℄). This representation denes a metri on a manifold homotopy equivalent to M . This
manifold might not be homeomorphi to M (examples are given in [AnC℄).
The sequene (σn) onverges geometrially if there is a sequene of representations
ρn : π1(M) → Isom(H3) assoiated to the σn suh that (ρn(π1(M)) onverges geometrially.
The sequene of groups (ρn(π1(M)) onverges geometrially to a group Γ∞ ⊂ Isom(H3) if and
only if :
- for any sequene an ∈ ρn(π1(M)), any aumulation point a∞ of {an|n ∈ N} lies in Γ∞;
- any element a∞ of Γ∞ is the limit of a sequene an ∈ Γn.
The sequene ρn(π1(M)) onverges strongly if there is a sequene of representations ρn asso-
iated to σn suh that (ρn) onverges algebraially to a representation ρ∞ and that (ρn(π1(M)))
onverges geometrially to ρ∞(π1(M)). If (σn) onverges to σ for the topology dened in the
introdution, then (σn) onverges strongly to σ∞ (f. [CEG℄).
2 Geodesi laminations and the relationship R
A geodesi lamination L on H2 is a losed subset whih is the disjoint union of omplete geodesis.
A omplete geodesi lying in L is a leaf of L.
A measured geodesi lamination λ is a transverse measure for some geodesi lamination |λ|.
Any ar k ≈ [0, 1] embedded in S transversely to |λ|, suh that ∂k ⊂ S − λ, is endowed with an
additive measure dλ suh that :
- the support of dλ|k is |λ| ∩ k;
- if an ar k an be homotoped into k′ by a homotopy respeting |λ| then ∫
k
dλ =
∫
k′
dλ.
We will denote by ML (H2) the spae of measured geodesi lamination topologised with the
topology of the weak
∗
onvergene.
Let S be a surfae (whih may not be ompat) endowed with a omplete hyperboli metri
with nite area. A geodesi lamination in S is a ompat subset whih is the disjoint union of
simple omplete geodesis. Using the fat that two omplete hyperboli metris with nite area
3
on S are quasi-isometri, this denition an be made independent of the hosen metri on S (see
for example [Ot1℄). A measured geodesi lamination is a transverse measure for some geodesi
lamination as dened above. Let γ be a weighted simple losed geodesi with support |γ| and
weight w and let λ be a measured geodesi lamination. The intersetion number of γ and λ is
dened by i(γ, λ) = w
∫
|γ| dλ. The weighted simple losed urves are dense in ML (S) and this
intersetion number extends ontinuously to a funtion i : ML (S)×ML (S)→ R (f. [Bo1℄).
A measured geodesi lamination λ ∈ ML (S) is arational if for any simple losed urve c
whih is not homotopi to a usp, i(c, λ) =
∫
c
dλ > 0.
Let us reall the denition of R given in the introdution.
Let λ, µ ∈ ML (S) be two measured geodesi laminations. Let us denote by λ′ (resp. µ′)
the measured geodesi lamination obtained by replaing by π the weights of the ompat leaves
of λ (resp. µ) whih have a weight greater than π. We will say that λ is related to µ by the
relationship R, and we will write λRµ, if and only if λ′ = µ′. We will denote by λ˙ the lass of
λ modulo R and we will topologise ML (S) with the quotient topology of the weak∗ topology
on ML (S).
Let ∂χ<0M be the union of the onneted omponents of ∂M with negative Euler harater-
isti. To simplify the notations, we will note ML (∂M) for ML (∂χ<0M).
Let (λn) be a sequene of measured geodesi laminations suh that (λ˙n) onverges to λ˙ in
ML (∂M)/R and let λ ∈ ML (∂M) a representative of λ˙. Let us denote by λ(p) the union of
the ompat leaves of λ with a weight greater than π. We have the following :
Claim 2.1. Let λ ∈ ML (∂M) and let λ′ be the representative of λ˙ whose ompat leaves have
all a weight less than or equal to π. If k ⊂ ∂M is a simple ar suh that the points of k ∩ |λ˙| are
transverse intersetions, then we have
∫
k
dλ′ ≤ lim ∫
k
dλn. Furthermore, if k does not interset a
leaf of λ′ with a weight equal to π, then
∫
k
dλn onverges to
∫
k
dλ.
Proof. Let k ⊂ ∂M be a simple ar suh that the points of k ∩ |λ˙| are transverse intersetions.
The set Vk,ε(λ) = {γ ∈ ML (∂M)/|
∫
k
dγ − ∫
k
dλ| < ε} is a neighborhood of λ in ML (∂M).
Sine λ˙n onverges to λ˙, for any ε, there is nε suh that for any n ≥ nε, ∃αn with αnRλn and
αn ∈ Vk,ε(λ). So, for n ≥ nε, we have |
∫
k
dαn −
∫
k
dλn| < ε. We have
∫
k
dλ′ ≤ ∫
k
dα for any
α ∈ ML (∂M ) satisfying αRλ. So we get ∫
k
dλ′ ≤ lim ∫
k
dλn.
If k does not interset any leaf of λ′ with a weight equal to π, then we have
∫
k
dα =
∫
k
dλ for
any α suh that αRλ. So we have ε > | ∫
k
dαn−
∫
k
dλ| = | ∫
k
dλn−
∫
k
dλ| for any n ≥ nε. Letting
n tend to ∞, we get that ∫
k
dλn onverges to
∫
k
dλ.
Let λ, µ ∈ ML (∂M) be two measured geodesi laminations. If λRµ, then λ and µ share
the same support. Thus we an dene the support |λ˙| of an element λ˙ of ML (∂M) as being
the support of any representative of λ˙.
Claim 2.2. Let (λn) ∈ ML (∂M) be a sequene of measured geodesi laminations suh that (λ˙n)
onverges to λ˙ and that |λn| onverges to some geodesi lamination L in the Hausdor topology.
We have |λ˙| ⊂ L.
Proof. Let x be a point of |λ˙|, let ε > 0 be a real number and let k be a geodesi ar interseting
|λ˙| transversely, with length ε suh that x lies in the interior of k. Sine ∫
k
dλ′ > 0, we dedue
from 2.1 that, for n large enough, we have
∫
k
dλn ≥
∫
k
dλ′
2 > 0. Therefore k intersets λn and x
lies in an ε-neighborhood of |λn|. Considering a overing of |λ˙| by diss with radius ε and with
enters lying in |λ˙|, we get that, for n large enough, |λ˙| lies in an ε-neighborhood of |λn|. Letting
ε tend to 0, we get |λ˙| ⊂ L.
4
Claim 2.1 an also be used to prove that the spae ML (∂M)/R is a Hausdor spae.
Lemma 2.3. The spae ML (∂M)/R is a Hausdor spae.
Proof. Let λ˙ and µ˙ be two elements of ML (S)/R suh that any neighborhood of λ˙ intersets
any neighborhood of α˙. So there is a sequene of measured geodesi laminations λn suh that
λ˙n onverges simultaneously to λ˙ and to µ˙. Let us denote by λ
(p)
(resp. µ(p)) the union of the
ompat leaves of λ (resp. µ) with a weight greater than π. Let λ′ (resp. µ′) be the representative
of λ˙ (resp. µ˙) whose ompat leaves have all a weight less than or equal to π. Let k ⊂ ∂M −λ(p)
be a simple ar interseting |λ| and |µ| transversely so that ∫
k
dλ < π. By Claim 2.1, we have∫
k
dµ′ = limn−→+∞
∫
k
dλn < π. It follows that µ
(p) ⊂ λ(p). Reversing the roles of λ and of µ, we
get µ(p) = λ(p). It follows also that we have the equality
∫
k
dµ =
∫
k
dλ for any ar k ⊂ ∂M −λ(p).
This yields the onlusion λ˙ = µ˙.
The following variation of Claim 2.1 will be used in the present paper.
Claim 2.4. If c is a simple ompat urve that does not interset λ(p) transversely, then the
sequene i(c, λn) onverges to i(c, λ).
Proof. If the points of c∩ |λ˙| are transverse intersetions, we get the onlusion by utting c into
two ars and by applying Claim 2.1 to these two ars.
Let us now onsider the ase where c ⊂ |λ˙|. We will show that any subsequene of (λn) on-
tains a subsequene suh that i(c, λn) onverges to i(c, λ) = 0. Up to extrating a subsequene,
we an assume that |λn| onverges in the Hausdor topology. Let τ be a train trak arrying
all the λn for n large enough (see [Bo1℄ and [Ot1℄ for details about train traks). By Claim
2.2, λ is arried by a subtrak of τ . Let b1, b2,..., bp be the branhes of τ . Given a measured
geodesi lamination α arried by a subtrak of τ , the measure bi(α) of a tie of bi does not depend
on the hoie of the tie. By Claim 2.1, if bi is a branh of τ not arrying a leaf of λ
(p)
, then
bi(λn) → bi(λ). Sine c is a leaf of λ, it is arried by a subtrak τc of τ . For n large enough,
we have i(c, λn) =
1
2
∑
j∈J bj(λn) where {bj | j ∈ J} is the set of branhes of τ − τc interseting
τc. Suh a branh bj does not arry a leaf of λ
(p)
. It follows then from Claim 2.1 that bj(λn)
onverges to bj(λ) = 0. Finally, we have i(c, λn) −→ 0 = i(c, λ).
3 Convex pleated surfaes
A pleated surfae in a omplete hyperboli 3-manifold M is a map f : S → M from a surfae S
to M with the following properties :
- the path metri obtained by pulling bak the hyperboli metri of M by f is a hyperboli
metri metri s on S;
- every point of S lies in the interior of some s-geodesi ar whih is mapped into a geodesi
ar in M ;
- if c ∈ S is a simple losed urve lying in a usp of S and if c does not bound a dis in S, then
f(c) does not bound a dis in M .
A map fˆ : H2 → H3 is a pleated map if any point of H2 lies in the interior of a geodesi ar
whih is mapped by fˆ into a geodesi ar.
The pleating lous of a pleated map is the set of points of H2 where the map fails to be an
isometry. The pleating lous of a pleated map is a geodesi lamination (f. [Th℄).
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An abstrat pleated surfae is a triple (fˆ ,Γ, ρ) where fˆ : H2 → H3 is a pleated map, Γ is
a lattie in Isom(H2) and ρ : Γ → Isom(H3) is a disrete representation (whih may not be
faithful) suh that for any a ∈ Γ, we have fˆ ◦ a = ρ(a) ◦ fˆ and that if a ∈ Γ is a paraboli
isometry then ρ(a) is also a paraboli isometry.
Abstrat pleated surfaes and pleated surfaes are related as follows:
When ρ(Γ) has no torsion, the abstrat pleated surfae (fˆ ,Γ, ρ) indues a pleated surfae
f : S →M where S ≈ H2/Γ, M ≈ H3/ρ(Γ) and where f is the quotient map from fˆ .
If f : S → M is a pleated surfae, onsider isometri overing maps H2 → S and H3 → M .
These maps yield representations r : π1(S) → Isom(H2) and R : π1(M) → Isom(H3) and by
lifting f to a map fˆ : H2 → H3 we get an abstrat pleated surfae (fˆ , r(π1(S)), R ◦ f∗).
In the following we will omit the adjetive abstrat and assume that our (abstrat) pleated
surfaes are torsion free.
We will onsider the following topology on the spae of abstrat pleated surfaes.
A sequene (fˆn,Γn, ρn) of pleated surfaes onverge to a pleated surfae (fˆ ,Γ, ρ) if and only if :
- (Γn) onverges geometrially to Γ;
- for any sequene an ∈ Γn onverging to a ∈ Γ, ρn(an) onverges to ρ(a);
- fˆn onverges to fˆ on any ompat set of H
2
.
Let (fˆ ,Γ, ρ) be a (abstrat) pleated surfae (without torsion), let L ⊂ H2 be the pleating
lous of fˆ and let P be a onneted omponent of H2 − L. The surfae fˆ(P ) lies in a geodesi
plane ΠP . Given an orientation of H
2
, ΠP inherits a natural orientation and we denote by H
+
P
(resp. H−P ) the half-spae bounded by ΠP suh that the union of a diret frame of ΠP and of
the inward normal vetor to ΠP is a diret frame of H
3
(resp. indiret).
A pleated surfae (fˆ ,Γ, ρ) with pleating lous L is a onvex pleated surfae if :
1) there is ǫ ∈ {+,−} suh that for any omponent P of H2 − L, fˆ(H2) lies in HǫP ;
2) the interior of C
fˆ
=
⋂{HǫPi/Pi is a onneted omponent of H2 − Lˆ} is not empty.
If a pleated surfae (fˆ ,Γ, ρ) satises 1) but not 2), namely if C
fˆ
as empty interior, we will
all it an even pleated surfae.
In the following, for any onvex pleated surfae (fˆ ,Γ, ρ), we will hoose the orientation of H2
so that for any omponent P of H2 − L, fˆ(H2) lies in H+P .
Lemma 3.1. The set of onvex and even pleated surfaes is a losed subset of the set of pleated
surfaes.
Proof. Let (fˆn,Γn, ρn) be a sequene of onvex and even pleated surfaes onverging to
(fˆ∞,Γ∞, ρ∞). Let us follow [BoO, Lemmas 20 and 21℄, to show that fˆ∞ is either a onvex
pleated surfae or an even pleated surfae. Let us denote by Lˆn the pleating lous of (fˆn,Γn, ρn)
and let us onsider a geodesi lamination Lˆ∞ lying in the losure of {Lˆn/n ∈ N} in the Haus-
dor topology. By [CEG℄ the pleating lous of fˆ∞ lies in Lˆ∞. Let us onsider a omponent
P∞ of H
2 − Lˆ∞ and a omponent Pn of H2 − Lˆn suh that (Pn) tends to P∞. Sine fˆn(Pn)
onverges to fˆ∞(P∞), up to extrating a subsequene, H
+
Pn
onverges to a half-spae H+P∞ suh
that fˆ∞(P∞) ⊂ ∂H+P∞ . Sine fˆn(H2) onverges to fˆ∞(H2), we have fˆ∞(H2) ⊂ H+P∞. Doing this
for any omponent of H2 − L∞, we onlude that fˆ∞ satises 1).
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Let xˆ be a point of H2, a support plane of fˆ(H2) at fˆ(xˆ) is a hyperboli plane Π
fˆ(xˆ) ontaining
fˆ(xˆ) and suh that fˆ(H2) lies entirely in one of the two half-spaes bounded by Π
fˆ(xˆ). We will
denote this half-spae by H+
fˆ(xˆ)
. Let kˆ ⊂ H2 be a losed segment, a polygonal approximation to
fˆ(kˆ) is a nite family P = {(xˆi,Πfˆ(xˆi))|i = 1, . . . , p} suh that :
- the xˆi are ordered points of kˆ;
- Π
fˆ(xˆi)
is a support plane at fˆ(xˆi);
- Π
fˆ(xˆi)
∩Π
fˆ(xˆi+1)
6= ∅ for any i = 1, . . . , p− 1;
- if xˆi−1 = xˆi = xˆi+1, then Πfˆ(xˆi) intersets the interior of H
+
Π
fˆ(xˆi+1)
− H+Π
fˆ(xˆi−1)
(the planes
Π
fˆ(xˆi)
are ordered);
- the projetion of Π
fˆ(xˆi)
∩Π
fˆ(xˆi+1)
to fˆ(H2) intersets the subar of kˆ joining xˆi to xˆi+1.
The integer p is the length of the polygonal approximation. We will denote by θ(Π
fˆ(xˆi)
,Π
fˆ(xˆi+1)
)
the internal angle of H+Π
fˆ(xˆi)
−H+Π
fˆ(xˆi+1)
.
The existene of a polygonal approximation to any ar fˆ(kˆ) interseting at most one any
leaf of fˆ(Lˆ) is proved in [CEG℄.
The bending measure
∫
kˆ
dλˆ along kˆ is dened by
∫
kˆ
dλˆ = inf
P
∑p
i=1 θ(Πfˆ(xˆi),Πfˆ(xˆi+1)) where
P runs over all polygonal approximations to fˆ(kˆ).
It is shown in [EpM, setion 1.11℄ that this denes a transverse measure λ on the pleating
lous of f .
A polygonal approximation P = {(xˆi,Πi)} to a path f(k) is an (α, s)-approximation if
- max1≤i≤p θ(Πi,Πi+1) < α and
- max dH2(xˆi, xˆi+1) < s.
The existene of a (δ, ε)-approximation for any (δ, ε), and any ar kˆ is shown in [EpM℄. In
the sequel we will need to have (δ, ε)-approximations with bounded length. The following lemma
shows there existene.
Lemma 3.2. Let δ and ε be two positive numbers suh that 0 < ε < log 32 . Let (fˆ ,Γ, ρ) be a
onvex pleated surfae and let kˆ ⊂ H2 be an ar that intersets the pleating lous |λˆ| transversely
so that fˆ(kˆ) intersets at most one any leaf of fˆ(|λˆ|). There is a (δ, ε)-approximation to fˆ(kˆ)
with length less than
4
ε
(π
δ
+ 1)l(k) + 4(π
δ
+ 1) = B(ε, δ, l(kˆ)).
Proof. Choose p + 2 points xˆ0, . . . , xˆp+1 in kˆ − |λˆ| suh that we have {xˆ1, xˆp+1} ⊂ ∂kˆ, p ≤ l(kˆ)ε
and d(xˆi, xˆi+1) ≤ ε for any i ∈ {0, . . . , p}. Choose also a support plane Πfˆ(xˆi) at fˆ(xˆi) for eah
i ∈ {0, . . . , p}. The rst step of the proof will be to extend this family of support planes to
obtain a polygonal approximation. There are three possible onguration for the positions of
Π
fˆ(xˆi)
and Π
fˆ(xˆi+1)
. Let kˆi be the subar of kˆ joining xˆi to xˆi+1.
- First onguration : Π
fˆ(xˆi)
intersets Π
fˆ(xˆi+1)
and the projetion of Π
fˆ(xˆi)
∩ Π
fˆ(xˆi+1)
to
fˆ(H2) intersets the ar kˆi ⊂ kˆ. In this onguration, {(xˆi,Πfˆ(xˆi)); (xˆi+1,Πfˆ(xˆi+1))} is already a
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polygonal approximation to fˆ(kˆi).
- Seond onguration : Π
fˆ(xˆi)
does not interset Π
fˆ(xˆi+1)
. Let y be a point of kˆi and let
Π
fˆ(yˆ) be a support plane at fˆ(yˆ). The 3 half-spaes H
−
fˆ(yˆ)
, H−
fˆ(xˆi)
and H−
fˆ(xˆi+1)
interset the ball
b(fˆ(yˆ), ε) ( b(fˆ(yˆ), log 32 ). By [Ga℄ (see also [Br℄) these 3 half-spaes are not disjoint, hene Πfˆ(yˆ)
intersets either Π
fˆ(xˆi)
or Π
fˆ(xˆi+1)
. So any support plane at a point of fˆ(kˆ) intersets either
Π
fˆ(xˆi)
or Π
fˆ(xˆi+1)
. The ar fˆ(kˆi) an be extended to an ar into the set of all the support planes
at fˆ(kˆi). Therefore there is a point yˆ ⊂ int(kˆ) and a support plane Πfˆ(yˆ) at fˆ(yˆ) suh that
{(xˆi,Πfˆ(xˆi)); (yˆ,Πfˆ(yˆ)); (xˆi+1,Πfˆ(xˆi+1))} is a polygonal approximation to fˆ(kˆi) (f. [KeS, 3.4℄).
- Third onguration : Π
fˆ(xˆi)
intersets ∩Π
fˆ(xˆi+1)
but the projetion of Π
fˆ(xˆi)
∩ Π
fˆ(xˆi+1)
to
fˆ(H2) does not interset fˆ(kˆi). If any support plane at a point of fˆ(kˆi) intersets either Πfˆ(xˆi)
or Π
fˆ(xˆi+1)
then we an nd, as in the preeding ase, a point yˆ and a support plane Π
fˆ(yˆ) suh
that {(xˆi,Πfˆ(xˆi)); (yˆ,Πfˆ(yˆ)); (xˆi+1,Πfˆ(xˆi+1))} is a polygonal approximation to fˆ(kˆi). Otherwise,
there is a point yˆ ∈ kˆ and a support plane Π
fˆ(yˆ) at fˆ(yˆ) suh that Πfˆ(yˆ) does not interset Πfˆ(xˆi)
nor Π
fˆ(xˆi+1)
. The planes Π
fˆ(xˆi)
and Π
fˆ(yˆ) are in the seond onguration, so there is a point
zˆ ⊂ kˆi between xˆi and yˆ suh that {(xˆi,Πfˆ(xˆi)); (zˆ,Πfˆ(zˆ)); (yˆ,Πf(yˆ))} is a polygonal approxima-
tion to the subar of kˆ joining xˆi to yˆ. Doing the same for Πfˆ(yˆ) and Πfˆ(xˆi+1) we get a polygonal
approximation to fˆ(kˆi).
Let us do the onstrution above for all the omponents of kˆ−{xˆ1, . . . , xˆp}. In eah omponent
of kˆ − {xˆ1, . . . , xˆp}, we have added at most 3 points. So the resulting polygonal approximation
has a length smaller than 4p+4. Let us denote by {(xˆi,Πfˆ(xˆi))/i = 0, . . . , 4p+4} this polygonal
approximation and let us denote by kˆi ⊂ kˆ the geodesi ar joining xˆi to xˆi+1. We have already
seen that we an extend an ar fˆ(kˆi) to an ar in the set of all the support planes at fˆ(kˆi). This
implies that, for any δ, there are points yˆj ⊂ kˆi, 0 ≤ j ≤ q + 1 with q ≤
θ(Π
fˆ(xˆi)
,Π
fˆ(xˆi+1)
)
δ
≤ π
δ
,
suh that we have yˆ0 = xˆi, yˆq+1 = xˆi+1 and θ(Πfˆ(yˆj),Πfˆ(yˆj+1)) ≤ δ. Choosing suh points for
eah ar kˆi, 0 ≤ i ≤ 4p+3, we get a (δ, ε)-approximation with length smaller than (4p+4)(πδ +1).
Sine p ≤ l(kˆ)
ε
, this polygonal approximation satises the onlusion of the Lemma.
The following proposition of [KeS℄ gives an estimate of the error whih is made when approx-
imating the bending measure :
Proposition 3.3 (KeS, Proposition 4.8). There is a universal onstant K, and a funtion
s(α), 0 < s(α) < 1, suh that if P is an (α, s(α))-approximation to a path f(k), where α < π2 ,
then we have
|
∑
P
θ(Πi,Πi+1)−
∫
k
dγ| < Kα l(k)
Now we will use this proposition to prove the ontinuity of the bending measured geodesi
lamination of a onverging sequene of onvex pleated surfaes.
Lemma 3.4. Let (fˆn,Γn, ρn) be a sequene of onvex pleated surfaes onverging to a pleated
surfae (fˆ∞,Γ∞, ρ∞) and let λˆn be the bending measured geodesi lamination of fˆn. The sequene
(λˆn) onverges for the weak
∗
topology to a measured geodesi lamination λˆ∞ and we have one of
the following two situations :
- (fˆ∞,Γ∞, ρ∞) is a onvex pleated surfae and λˆ∞ is its bending measured geodesi lamination;
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- (fˆ∞,Γ∞, ρ∞) is an even pleated surfae, |λˆ∞| is the pleated lous of fˆ∞ and λˆ∞ is obtained
by endowing eah leaf of |λˆ∞| with a Dira mass with a weight equal to π.
Proof. Notie that when H3/ρ∞(π1(M)) is quasi-isometri to H
3/ρn(π1(M)) this result is a on-
sequene of results of [Bo3℄. By lemma 3.1, (fˆ∞,Γ∞, ρ∞) is an even or onvex pleated surfae.
We will show that any subsequene of (fˆn,Γn, ρn) ontains a subsequene satisfying the onlu-
sions of lemma 3.4, the onlusion follows.
Let us hoose a subsequene suh that (|λˆn|) onverge in the Hausdor topology to a geodesi
lamination Lˆ∞. By [CEG, 5.2℄, the pleating lous of fˆ∞ lies in Lˆ∞. Let kˆ ⊂ H2 be an ar
interseting Lˆ∞ transversely suh that fˆ∞(kˆ) intersets at most one any leaf of fˆ∞(Lˆ∞). Sine
(|λˆn|) tends to fˆ(Lˆ∞) in the Hausdor topology and sine (fˆn) onverge to fˆ∞, for n large
enough fˆn(kˆ) intersets at most one any leaf of fˆ(|λˆn|). Fix δ < π2 and ε < s(δ) and hoose
for eah n a (δ, ε)-approximation (xˆi,n,Πfˆn(xˆi,n)) to fˆn(kˆ) whose length is less than the number
B(δ, ε, l(kˆ)) appearing in Lemma 3.2. Extrat a subsequene suh that for any i ≤ B(δ, ε, l(kˆ)),
the sequene (xˆi,n,Πfˆn(xˆi,n)) onverges and denote by (xˆi,∞,Πfˆ∞(xˆi,∞)) its limit. Thus we get a
(δ, ε)-approximation {(xˆi,∞,Πfˆ∞(xˆi,∞))} to fˆ∞(kˆ) whose length is less than B(δ, ε, l(kˆ)).
Claim 3.5. If (fˆ∞,Γ∞, ρ∞) is a onvex pleated surfae, then (λˆn) onverge to the bending mea-
sured geodesi lamination λˆ∞ of (fˆ∞,Γ∞, ρ∞).
Proof. Assume that (fˆ∞,Γ∞, ρ∞) is a onvex pleated surfae and let us denote by λˆ∞ its bending
measured geodesi lamination. Let us reall that λˆn tends to λˆ∞ if for any ar kˆ ⊂ H2 transverse
to |λˆ∞|, (
∫
kˆ
dλˆn) tends to
∫
kˆ
dλˆ∞.
Let k ⊂ H2 be an ar transverse to |λˆ∞| and let {(xˆi,n,Πfˆn(xˆi,n))} be the (δ, ε)-approximations
dened above. For any i ≤ p, Π
fˆn(xˆi,n)
tends to Π
fˆ∞(xˆi,∞)
. Therefore, for n large enough, we
have
∑p
i=1 |θ(Πfˆ∞(xˆi,∞),Πfˆ∞(xˆi+1,∞)) − θ(Πfˆn(xˆi,n),Πfˆn(xˆi+1,n))| ≤ δ. It follows from Proposition
3.3 that we have |∑q−1i=1 θ(Πfˆn(xˆi,n),Πfˆn(xˆi+1,n))−
∫
kˆ
dλˆn| < Kδl(kˆ) for any n ∈ N. Hene we have
| ∫
kˆ
dλˆ∞ −
∫
kˆ
dλˆn| < 2Kδl(kˆ) + δ. Letting δ tend to 0 yields
∫
kˆ
dλˆn →
∫
kˆ
dλˆ∞. The same is true
for any ar kˆ transverse to |λˆ∞|, hene λˆn onverges to λˆ∞.
Next we will onsider the ase where (fˆ∞,Γ∞, ρ∞) is an even pleated surfae. Let us rst
show that all the leaves of the pleating lous |λˆ∞| of (fˆ∞,Γ∞, ρ∞) are isolated leaves, namely
that their projetions to H2/Γ∞ are isolated leaves.
Claim 3.6. When (fˆ∞,Γ∞, ρ∞) is an even pleated surfae, the pleating lous |λˆ∞| of fˆ∞ ontains
only isolated leaves.
Proof. Choose two distint suessive points xˆi,∞ and xˆi+1,∞ and denote by kˆi the subar of kˆ
joining xˆi,∞ to xˆi+1,∞. Let yˆ be a point of int(kˆi) and let (Πfˆn(yˆ)) be a sequene of support planes
at fˆn(yˆ) onverging to a support plane Πfˆ∞(yˆ) at fˆ∞(yˆ). For n large enough, yˆ lies in the subar
of kˆ joining xˆi,n to xˆi+1,n. Sine {(xˆi,n,Πfˆn(xˆi,n))} is a (δ, ε)-approximation, Πfˆn(yˆ) intersets both
Π
fˆn(xˆi,n)
and Π
fˆn(xˆi+1,n)
and we have θ(Π
fˆn(xˆi,n)
,Π
fˆn(yˆ)
) ≤ δ and θ(Π
fˆn(yˆ)
,Π
fˆn(xˆi+1,n)
) ≤ δ.
Letting n tend to ∞ yields θ(Π
fˆ∞(yˆ)
,Π
fˆ∞(xˆi,∞)
) ≤ δ and θ(Π
fˆ∞(yˆ)
,Π
fˆ∞(xˆi+1,∞)
) ≤ δ. Sine
(fˆ∞,Γ∞, ρ∞) is an even pleated surfae, the dihedral angle between two adjaent support planes
lies in {0, π}. Hene we have θ(Π
fˆ∞(yˆ)
,Π
fˆ∞(xˆi,∞)
) = 0 and θ(Π
fˆ∞(yˆ)
,Π
fˆ∞(xˆi+1,∞)
) = 0. It follows
that for any ar κˆ ⊂ int(kˆi), i(κˆ, λˆn) tends to 0. From the proof of [Bo3, Prop 27℄ we dedue
that int(kˆi) does not interset the pleating lous of fˆ∞.
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So we have shown that the intersetion between kˆ and the pleating lous of fˆ∞ lies in
{xˆi| i = 1 . . . p}, in partiular this intersetion has a nite ardinal.
Endowing eah leaf of |λˆ∞| with a Dira measure whose weight is equal to π yields a measured
geodesi lamination λˆ∞.
Let r be a lower bound for the set {d(xˆ1, xˆ2)/xˆ1 and xˆ2 are two dierent points of kˆ∩ |λˆ∞|}.
By the proof of Claim 3.6, we an hoose r > 0. If {(xˆi,∞,Πfˆ∞(xˆi,∞))} is a (δ, ε)-approximation
satisfying ε < r, we have
∑q−1
i=1 θ(Πfˆ∞(xˆi,∞),Πfˆ∞(xˆi+1,∞)) =
∫
kˆ
dλˆ∞.
Replaing the proposition 3.3 by this equality in the proof of Claim 3.5 we get the following
laim whih onludes the proof of Lemma 3.4 :
Claim 3.7. The sequene (λˆn) tends to λˆ∞ in ML (H
2).
Let us notie that in the ase where (fˆ∞,Γ∞, ρ∞) is even, we did not show that the projetion
of |λˆ∞| to H/Γ∞ is ompat. We will see further in the text that this is atually true.
We will now improve the desription of (fˆ∞,Γ∞, ρ∞) when it is an even pleated surfae.
Lemma 3.8. Let (fˆn,Γn, ρn) be a sequene of onvex pleated surfaes onverging to an even
pleated surfae (fˆ∞,Γ∞, ρ∞). There is a surfae S with geodesi boundary, suh that H
2/Γ∞ is
the double of S and suh that the pleating lous |λˆ∞| of fˆ∞ projet to ∂S ⊂ H/Γ∞. Furthermore
∂S is ompat.
Proof. First the following laim will dene S.
Claim 3.9. All the onneted omponents of H2 − |λˆ∞| have the same image under fˆ∞.
Proof. Reall that sine fˆ∞ is a pleated surfae, the restrition of fˆ∞ to eah onneted ompo-
nent of H2 − |λˆ∞| is one to one.
Assume that Claim 3.9 is not true. There exist two onneted omponents Pˆ and Pˆ ′ of
H2 − |λˆ∞| whose losures interset and whose images under fˆ∞ are dierent. There is a point yˆ
lying in the boundary of the losure of Pˆ suh that f∞(yˆ) lies in fˆ∞(Pˆ
′) or a point yˆ lying in the
boundary of the losure of Pˆ ′ suh that fˆ∞(yˆ) lies in f∞(Pˆ ). This two ases are similar and we
will only deal with the rst one. Let us denote by lˆ the leaf of |λˆ∞| ontaining yˆ. By the proof of
Claim 3.6, lˆ is an isolated leaf. Let kˆ ⊂ H2 be a geodesi ar interseting lˆ transversally so that
kˆ ∩ |λˆ∞| = {y}. For n ∈ N, let (xˆi,n,Πfˆn(xˆi,n)) be the (δ, ε)-approximation to fˆn(kˆ) onstruted
at the beginning of the proof of Lemma 3.4 and let us denote by p = B(δ, ε, l(kˆ)) its length. By
Claim 3.7, the bending measure on kˆ tends to a Dira measure whose weight is equal to π and
whose support is {y}. It follows that there is i suh that (xˆi,n) and (xˆi+1,n) onverge to y and
suh that we have the inequality
π
p
≤ θ(Π
fˆn(xˆi,n)
,Πfn(xˆi+1,n)) ≤ δ for n large enough.
Let zˆ be the point of Pˆ ′ suh that we have fˆ∞(zˆ) = fˆ∞(y). For any n, zˆ lies either in a
onneted omponent Pˆ ′n of H
2−|λˆn| or in the losures of two onneted omponents of H2−|λˆn|,
in this seond ase we will denote by Pˆ ′n the interior of the union of these two losures. Let us
extrat a subsequene suh that Pˆn onverges to an open subsurfae Pˆ
′
∞ of Pˆ
′
(for example a
subsequene suh that |λˆn| onverges in the Hausdor topology). Sine fˆn onverge to fˆ∞ on
any ompat set, the sequene fˆn(P
′
n) onverges to fˆ∞(P
′
∞) ⊂ fˆ∞(P ′).
The point fˆ∞(yˆ) lies in fˆ∞(Pˆ
′
∞), in Πfˆ∞(xˆi,∞) and in Πfˆ∞(xˆi+1,∞) and we have the inequal-
ity
π
p
≤ θ(Π
fˆn(xˆi,n)
,Π
fˆn(xˆi+1,n)
) ≤ δ. Therefore, for n large enough, one plane among Π
fˆn(xˆi,n)
and Π
fˆn(xˆi+1,n)
intersets fˆn(Pˆ
′
n) transversely. This ontradits the onvexity of (fˆn,Γn, ρn) and
onludes this proof.
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Next we will show that the quotient of H2 − |λˆ∞| by Γ∞ has two onneted omponents.
Let us extrat a subsequene suh that (|λˆn|) onverges in the Hausdor topology to a geodesi
lamination Lˆ∞ and let xˆ, yˆ ⊂ H2 − Lˆ∞ be two points whose images fˆ∞(xˆ) and fˆ∞(yˆ) oinides.
Denote by Pˆxˆ and Pˆyˆ the onneted omponents of H
2 − |λˆ∞| ontaining xˆ and yˆ and assume
that H+
fˆ∞(Pˆxˆ)
is equal to H+
fˆ∞(Pˆyˆ)
. We will show the existene of an element g∞ of Γ∞ suh that
xˆ = g∞yˆ.
The half-spaes H+
fˆn(Pˆxˆ)
and H+
fˆn(Pˆyˆ)
onverge to H+
fˆ∞(Pˆxˆ)
and we have fˆn(Pˆyˆ) ⊂ H+
fˆn(Pˆxˆ)
and fˆn(Pˆxˆ) ⊂ H+
fˆn(Pˆyˆ)
. It follows that the planes Π
fˆn(xˆ)
and Π
fˆn(yˆ)
interset for n large
enough and that the sequene θ(Π
fˆn(xˆ)
,Π
fˆn(yˆ)
) tends to 0. This implies that the distane
d(Π
fˆn(xˆ)
∪Π
fˆn(yˆ)
)(fˆn(xˆ), fˆn(yˆ)) measured on Πfˆn(xˆ) ∪ Πfˆn(yˆ) tends to 0. Sine we have
d(Π
fˆn(xˆ)
∪Π
fˆn(yˆ)
)(fˆn(xˆ), fˆn(yˆ)) ≥ dfˆn(H2)(fˆn(xˆ), fˆn(yˆ)) and sine fˆ∞ is a loal homeomorphism
on the omplementary regions of |λˆ∞|, there is, for n large enough, an isometry an ∈ Γn suh
that dH2(anyˆ, xˆ) −→ 0. The distane dH2(yˆ, anyˆ) is bounded, hene, up to extrating a subse-
quene, (an) onverges to some a∞ ∈ Γ∞. We have then a∞yˆ = xˆ.
This implies that any point of fˆn(H
2 − |λˆ∞|) has at most two preimages in H2/Γ∞. Com-
bining this with Claim 3.9, we get the existene of a surfae S suh that H2/Γ∞ is the double of
S and that the pleating lous |λˆ∞| of fˆ∞ projets to ∂S ⊂ H2/Γ∞.
It remains to show that ∂S is ompat. Assume the ontrary, then ∂S ontains two asymp-
toti half geodesis. Let kˆ ⊂ S be a geodesi ar joining these two half geodesi. The double
of kˆ is a simple losed urve c ⊂ H2/Γ∞ bounding a usp of H2/Γ∞. The image of c under f∞
is f∞(kˆ) overed twie. It follows that the urve f∞(c) is homotopi to a point in H
3/ρ∞(Γ∞).
This ontradits the assumption that the paraboli elements of Γ∞ are mapped to paraboli
isometries by ρ∞.
We will onlude this setion with two lemmas whih will be used in the next setions. They
are proved in [Le1℄ (see also [Se℄). We will all them slight bending Lemmas.
Lemma 3.10. Let (fˆ ,Γ, ρ) be a onvex pleated surfae, let xˆ1 and xˆ2 ∈ H2, let cˆ1 ⊂ H2 be the
geodesi segment joining xˆ1 to xˆ2 and let c˜2 ⊂ H3 be the geodesi segment joining fˆ(xˆ1) to fˆ(xˆ2).
If there exists ε < π2 suh that the bending measure of fˆ(cˆ1) is smaller than ε, then ∃Cε suh
that l(cˆ1) ≤ Cεl(c˜2). Furthermore limε−→0Cε = 0 and the sum of the exterior angles that fˆ(cˆ1)
and c˜2 make at their verties is smaller than ε.
Lemma 3.11 (Slightly bent urves are quasi-geodesis). Let (fˆ ,Γ, r) be a onvex pleated
surfae, let λˆ be its bending measured geodesi lamination, let c be a simple losed geodesi of
H2/Γ and let c∗ be the geodesi of H3/r(Γn) in the homotopy lass of f(c). For any ε <
π
2 there
exists Cε and Aε suh that if i(c, λ) ≤ ε then l(c) ≤ Cε(l(c∗) + Aε). Moreover limε−→0 Cε = 1,
and limε−→0Aε = 0.
4 The ontinuity of bR
Next we will use the results of the previous setion to show the ontinuity of bR . But rst let
us preise the denition of the bending measured lamination of a geometrially nite metri
σ ∈ G F (M). Let ρ : π1(M) → Isom(H3) be a representation assoiated to σ and let N(ρ) be
the Nielsen ore of ρ. There are a multi-urve λ(p) and a natural (relative to σ) homeomorphism
f : ∂χ<0M − λ(p) → ∂N(ρ). This homeomorphism f is onstruted by using the retration
map from the domain of disontinuity to the boundary of the onvex ore of the limit set. It
is well-dened up to isotopy. The surfae ∂N(ρ) is the image of a onvex pleated surfae and
therefore, it has a bending measured lamination. Let us denote by λ ∈ ML (∂M) the image
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under f−1 of this bending measured lamination. Adding the leaves of λ(p) endowed with Dira
masses with weights equal to π we get the bending measured geodesi lamination of σ. This
measured lamination λ does not depend on the hoie of ρ (among the representations assoiated
to σ).
Given a simple losed geodesi c and a hyperboli metri s on ∂χ<0M , let ls(c) be the length
of the orresponding s− geodesic. If γ is a weighted simple losed geodesi with a weight w(γ)
we dene ls(γ) by ls(γ) = w(γ)ls(|γ|). This funtion ls extends ontinuously to a funtion
ls : ML (∂M) → R.
Given a simple losed urve c ∈ ∂χ<0M , and a hyperboli metri σ on int(M), we denote by
c∗ the losed σ-geodesi in the free homotopy lass of c and by lσ(c
∗) its σ-length.
Proposition 4.1. Let (σn) be a sequene of geometrially nite metris on the interior of M
onverging to a non fuhsian geometrially nite metri σ∞ and let λn be the bending measured
geodesi lamination of σn. The sequene λ˙n onverges to λ˙ ∈ P+(M)/R and the bending
measured geodesi lamination of σ∞ is the representative λ
′
of λ˙ that lies in P(M).
Proof. We are going to show that any subsequene of (σn) ontains a subsequene satisfying the
onlusion of the proposition. Let us begin by a result about the urves whose length tends to
0 when n tends to ∞.
Lemma 4.2. Let (σn) be a sequene of geometrially nite metris on the interior of M on-
verging algebraially and let (sn) be the sequene of metris indued on ∂M by a homeomorphism
hn : M → N(ρn)ep assoiated to σn. Then, there is K > 0 suh that if c ⊂ ∂M is a simple losed
urves that bounds an essential dis, we have lsn(c) ≥ K.
Proof. Let D ⊂M be an essential dis and let c ∈ ∂M be a simple losed urve whih does not
bound an essential dis. We will say that c intersets ∂D essentially if the ends of any lift of e to
M˜ are separated by a lift of ∂D. As in the introdution P(M) ontains the measured geodesi
laminations satisfying onditions a), b) and c).
Claim 4.3. Let γ ⊂ P(M) be a weighted multi-urve and let D ⊂M be an essential dis; then
at least one leaf of γ intersets ∂D essentially.
Proof. Let ∂D˜ be a lift of ∂D to ∂M˜ . This lift separates ∂M˜ ≈ S2 into two diss C and C ′. Let
us denote by Ii, 1 ≤ i ≤ p (resp. I ′i, 1 ≤ i ≤ p′) the onneted omponents of p−1(γ)− ∂D˜ lying
in C (resp. C ′) whose endpoints lie in ∂D˜. These ars Ii (resp. I
′
i) ut C (resp. C
′
) in p+1 diss
Ci, 0 ≤ i ≤ p (resp. in p′+1 diss C ′i, 0 ≤ i ≤ p′). The urves ∂Ci and ∂C ′i ⊂ ∂M˜ bound essential
diss in M˜ . It follows from onditions a) and c) that for any i, we have ♯{∂Ci ∩ p−1(γ)} ≥ 3
and ♯{∂C ′i ∩ p−1(γ)} ≥ 3. If no leaf of γ intersets ∂D essentially, then, for any i, eah point of
∂Ci ∩ ∂D˜ ∩ p−1(γ) is the endpoint of an I ′j and eah point of ∂C ′i ∩ ∂D˜ ∩ p−1(γ) is the endpoint
of an Ij . This implies that 3(p + 1) = 2p
′
and that 3(p′ + 1) = 2p. We get p + p′ = −6. This
ontradition shows that at least one leaf of γ intersets ∂D essentially.
Let (cn) be a sequene of simple losed urves suh that eah cn bounds an essential dis
and that lsn(cn) −→ 0. For large n, cn is the ore of a wide Margulis tube Tn ⊂ ∂M .
Let c1,n and c2,n be the boundary omponents of Tn and let us hoose Tn so that we have
lsn(c1,n) = lsn(c2,n) −→ 0 and dsn(ci,n, cn) −→ ∞. Let γ ∈ P(M) be a weighted multi-urve
and let us extrat a subsequene suh that a leaf e of γ intersets all the cn essentially. For
eah n, let e∗n be the σn-geodesi in the homotopy lass of e, let e˜
∗
n, c˜n and T˜n be lifts of e
∗
n,
cn, Tn respetively. Let Π be a geodesi plane ontaining e˜
∗
n, let c˜1,n and c˜2,n be the ompo-
nents of ∂T˜n. Let k˜n and k˜
′
n be the two onneted omponents of T˜n ∩ Π and let κ˜n and κ˜′n be
the geodesi segment of Π joining the endpoints of k˜n and k˜
′
n, see gure 1. Assume that ∂k˜n
and ∂k˜′n does not lie in the preimage of λn. Let d˜n and d˜
′
n be the intersetions of Π and of
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Figure 1: The setion Π ∩ C(ρn)
support planes at k˜n ∩ c˜1,n and at k˜′n ∩ c˜1,n respetively. The setion C(ρn) ∩ Π lies between
d˜n and d˜
′
n. Sine e˜
∗
n lies in C(ρn), e˜
∗
n does not interset d˜n nor d˜
′
n. The ars κ˜n and κ˜
′
n are
very lose, this implies that the angle α1 between d˜n and κ˜n is small. The same onsiderations
apply for the angle α2 on the other vertex of κ˜n. Let α <
π
2 be an upper bound for α1 and
α2 and set rn = max{d(x˜, κ˜n)/x˜ ∈ k˜n} ≤ max{d(x˜, e˜∗n)/x˜ ∈ k˜n}. Any point x˜ lying in k˜n
lies in a simple losed urve c˜x,n ⊂ T˜n homotopi to c˜n suh that lsn(cx,n) ≤ lsn(c1,n). This
urve c˜x,n bounds a dis with diameter less than lsn(cx,n) whih intersets e˜
∗
n. It follows that
rn ≤ lsn(c1,n) −→ 0. A omputation using Fermi oordinates (ompare with [Le1, Lemme A.2℄)
yields lσn(k˜n) ≤
√
1 + tan2 α (hr)2lσn(κ˜n). Sine the width of Tn tends to innity, we have
lσn(k˜n) −→ ∞. So we get lσn(κ˜n) −→ ∞. Sine any point of κn is lose to the geodesi e∗n, we
have lσn(e
∗
n) −→∞. But this ontradits the algebrai onvergene of (σn).
Sine (σn) onverges to σ∞, we may hoose representations ρn : π1(M) → Isom(H3) as-
soiated to σn suh that (ρn) onverges algebraially to a representation ρ∞ assoiated to σ∞
and that (ρn(π1(M))) onverges geometrially to ρ∞(π1(M)). For n ∈ N, let λn be the bending
measured geodesi lamination of σn. Denote by λ
(p)
n the union of the leaves of λn whih have a
weight equal to π. Let Mn = H
3/ρn(π1(M)) and let hn : M − λ(p)n → N(ρn) be a homeomor-
phism assoiated to σn.
Let x∞ be a point in ∂N(ρ∞), let ∂x∞N(ρ∞) be the onneted omponent of ∂N(ρ∞) on-
taining x∞ and let S be a onneted omponent of ∂M − λ(p)∞ satisfying h∞(S) = ∂x∞N(ρ∞).
Let x˜∞ ∈ C(ρ∞) be a lift of x∞ and let ∂x˜∞C(ρ∞) be the onneted omponent of ∂C(ρ∞)
ontaining x˜∞. By [Ta℄, the onvex hull C(ρ∞) of Lρ∞ is the limit of (C(ρn)) with respet to
the Hausdor topology. Hene there exists x˜n ⊂ ∂C(ρn) suh that (x˜n) onverges to x˜∞. Let
us denote by ∂x˜nC(ρn) the onneted omponent of ∂C(ρn) ontaining x˜n and by ∂x˜nN(ρn)
its projetion to N(ρn). There is a onneted omponent Sn of ∂M − λ(p)n and a pleated map
gn : Sn → M onto ∂x˜nC(ρn)/ρn(π1(M)). Let (gˆn,Γn, rn) be the pleated surfae that lifts gn,
namely the map gˆn : H
2 → ∂x˜nC(ρn) is onto, rn : Γn → ρn(π1(M)) is onto the stabilizer of
∂x˜nC(ρn) and the quotient map H
2/ ker(rn)→ ∂x˜nC(ρn) is a homeomorphism. By [CEG, Theo-
rem 5.2.2℄ and Lemma 4.2 a subsequene of the sequene of pleated surfaes (gˆn,Γn, rn) onverges
to a pleated surfae (gˆ∞,Γ∞, r∞).
By Lemma 3.1, (gˆ∞,Γ∞, r∞) is a onvex or even pleated surfae. Sine x˜∞ ∈ gˆ∞(H2), then
gˆ∞(H
2) ⊂ ∂x˜∞C(ρ∞) and r∞(Γ∞) ⊂ ρ∞(π1(M)) is a subgroup of the stabilizer of ∂x˜∞C(ρ∞).
Lemma 4.4. The quotient map g∞ : H
2/Γ∞ → ∂x∞N(ρ∞) is a homeomorphism.
Proof. Set Cgˆn =
⋂{HǫPi/Pi is a onneted omponent of H2 − Lˆ}. For any n ∈ N, we have
C(ρn) ⊂ Cgˆn . Sine σn onverges to σ∞, it follows from [Ta℄ that C(ρn) onverges to C(ρ∞) in the
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Hausdor topology. So we get C(ρ∞) ⊂ Cgˆ∞ . Sine ρ∞ is not fuhsian, we have int(C(ρ∞)) 6= ∅.
Therefore int(Cgˆ∞) 6= ∅ and (gˆ∞,Γ∞, r∞) is a onvex pleated surfae. By [EpM℄, this implies
that g∞ is a overing map.
Let γˆn be the bending geodesi lamination of gˆn. Extrat a subsequene suh that (|γˆn|)
onverges to some geodesi lamination Lˆ∞ in the Hausdor topology.
Assume that g∞ is not a homeomorphism. There are two points z 6= y ∈ (H2− Lˆ∞)/r∞(Γ∞)
suh that g∞(z) = g∞(y). If we lift the situation to H
2
, we get zˆ, yˆ ⊂ H2 − Lˆ∞ and ρ∞(a) ∈
ρ∞(π1(M)) suh that zˆ 6∈ Γ∞yˆ and that gˆ∞(zˆ) = ρ∞(a) ◦ gˆ∞(yˆ). The sequenes z˜n = gˆn(zˆ) and
y˜n = ρn(a) ◦ gˆn(yˆ) onverge together to gˆ∞(zˆ). Let Πz˜n and Πy˜n be support planes of Cn(ρn)
at z˜n and y˜n. The half-spaes (H
+
Πz˜n
) and (H+Πy˜n
) tend to half-spaes H+zˆ and H
+
yˆ respetively.
These two half-spaes H+zˆ and H
+
yˆ are bounded by the support plane Πgˆ∞(zˆ) at gˆ∞(zˆ). Thus we
have either H+z˜ ∩H+y˜ = Πgˆ∞(zˆ), or H+z˜ = H+y˜ .
Sine C(ρ∞) ⊂ Cgˆ∞ ⊂ H+z˜n ∩ H+y˜n and sine ρ∞(π1(M)) is not fuhsian, we have
H+z˜ ∩ H+y˜ 6= Πgˆ∞(zˆ). So we have H+z˜ = H+y˜ . This implies that for large n, if Πz˜n are Πy˜n
disjoint then we have either H+Πz˜n
( H+Πy˜n
or H+Πy˜n
( H+Πz˜n
. We get a ontradition with the
fat that we have y˜n ⊂ C(ρn) ⊂ H+Πz˜n and z˜n ⊂ C(ρn) ⊂ H
+
Πy˜n
. We dedue that, up extrat-
ing a subsequene, Πz˜n intersets Πy˜n . It follows that, for n large enough, gˆn(H
2) intersets
ρn(a) ◦ gˆn(H2). Therefore gˆn(H2) and ρn(a) ◦ gˆn(H2) oinide. Sine H+Πy˜ is equal to H+Πz˜ , the
dihedral angle θ(Πzˆn ,Πyˆn) tends to 0. This implies that the distane between z˜n and y˜n mea-
sured on gˆn(H
2) tends to 0. Sine gˆ∞ is a overing map, there is a neighborhood V (zˆ) ⊂ H2 of
zˆ suh that, for n ∈ N large enough, the map gˆn|V (zˆ) : V (zˆ) → gˆn(V (zˆ)) is a homeomorphism.
For n large enough, yˆn lies in gn(V (zˆ)). Hene there is yˆ
′
n ∈ V (zˆ) suh that gˆn(yˆ′n) = y˜n. Sine
gˆn(yˆ
′
n) = ρn(a) ◦ gˆn(yˆ) and sine rn(Γn) is the sabilizer of gˆn(H2) in ρn(π1(M)), there is an ∈ Γn
suh that anyˆ = yˆ
′
n. The point yˆ
′
n lies in V (zˆ), so an moves yˆ a bounded distane. Therefore
there is a subsequene suh that (an) onverge to an isometry a∞ ∈ Γ∞. Moreover gˆn(yˆ′n) tends
to gˆ∞(zˆ), hene (yˆ
′
n) tend to zˆ. Thus we get a∞yˆ = zˆ. This yields a ontradition with the
assumption that zˆ 6∈ Γ∞yˆ and onludes the proof of Lemma 4.4.
Let F be a ompat subset of S suh that the onneted omponents of S − F are innite
annuli. Sine Γn onverges geometrially to Γ∞, by Mumford Lemma (f. [CEG℄) there are ε > 0
and maps ln : F → H2/Γn with the following properties:
- ln is a homeomorphism onto its image;
- ln(F ) is a onneted omponent of the ε-thik part of H
2/Γn;
- the indued representations ln∗ : π1(F )→ Γn onverge to an isomorphism l∞∗ : π1(F )→ Γ∞;
- g∞ ◦ l∞ oinides with h∞ on F ⊂ ∂M .
Let us show that, for large n, gn ◦ ln : F → ∂N(ρn) is isotopi to hn. Let Fˆ be the universal
over of F and let lˆn : Fˆ → H2 be a lift of ln. Sine (ln∗) onverges algebraially, we an hoose
the lˆn suh that they onverge to lˆ∞ on ompat sets. Sine (gˆn) onverges to gˆ∞, the sequene
(gˆn ◦ lˆn) onverges to gˆ∞ ◦ lˆ∞ on ompat sets.
Let x ∈ int(M). Sine (σn) onverges to (σ∞), there are dieomorphisms un : M → M
isotopi to the identity whih satise the following : for any k > 1 and r > 0, there exists n(k, r)
suh that for n ≥ n(k, r), the restrition of un to B(x, r) ⊂ (M,σ∞) is a k-quasi-isometry into
its image in (M,σ∞). For n ∈ N, set Mn = H3/ρn(π1(M)) and let xn ∈Mn be the projetion of
the origin o ∈ H3. For n ∈ N, the metri σn yields an identiation between (int(M), σn) and
Mn suh that x is identied with xn. Thus we an onsider the restrition of un to int(M) as
an homeomorphism un : M∞ →Mn.
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Let u˜n : H
3 → H3 be a lift of un suh that u˜n(o) = o. Sine (ρn(π1(M))) onverges geomet-
rially to ρ∞(π1(M)), u˜n : H
3 → H3 onverges to the identity on ompat sets (see [BeP℄).
Sine (gˆn ◦ lˆn) onverges to gˆ∞ ◦ lˆ∞ on ompat sets, the sequene u˜−1n ◦ gˆn ◦ lˆn onverges
to gˆ∞ ◦ lˆ∞ on ompat sets. Furthermore, F has a ompat fondamental domain. Hene
u−1n ◦ gn ◦ ln : F → M∞ onverges uniformly to g∞ ◦ l∞ whih oinides with h∞. It fol-
lows that for large n, u−1n ◦ gn ◦ ln is isotopi to h∞|F . Therefore gn ◦ ln is isotopi to un ◦ h∞|F .
Sine un is isotopi to the identity, un ◦ h∞|F is isotopi to hn. Thus we an hange ln by an
isotopy suh that gn ◦ ln oinides with hn on F .
Let γˆn be the bending measured geodesi lamination of gˆn and let γn ∈ ML (H2/Γn) be its
projetion. Let k ⊂ F be an ar suh that l∞(k) is transverse to |γ∞| and let kˆ ⊂ Fˆ be a lift of
k. The ars lˆn(kˆ) onverge to lˆ∞(kˆ). Sine the onvex pleated surfaes (gˆn,Γn, rn) onverge to
(gˆ∞,Γ∞, r∞), Lemma 3.4 yields
∫
lˆn(kˆ)
dγˆn −→
∫
lˆ∞(kˆ)
dγˆ∞. Sine, for any n ∈ N, gn ◦ ln oinides
with hn on F , we have
∫
k
dλn =
∫
lˆn(kˆ)
dγˆn where λn is the bending measured geodesi lamination
of σn. Thus we get
∫
k
dλn −→
∫
k
dλ∞.
Doing the same for eah omponent of ∂M−λ(p)∞ , we onlude that for any ar k ⊂ ∂M−λ(p)∞
transverse to |λ∞|,we have
∫
k
dλn −→
∫
k
dλ∞. It follows that (λ˙n) onverges in ML (∂M)/R
and that the limit λ˙ diers from λ˙∞ only on λ
(p)
, namely if λ is a representative of |λ˙| then
removing from λ the losed leaves whih lie in λ(p) yields the same measured geodesi lamination
as removing λ(p) from λ∞. Thus, if we show that the leaves of λ
(p)
are leaves of λ with a weight
greater than or equal to π, we an onlude that λ˙n onverges to λ˙∞.
Claim 4.5. Let λ be a representative of λ˙; any leave c of λ(p) is a leave of λ and has a weight
greater than or equal to π (as a leaf of λ).
Proof. Let c be a leaf of |λ(p)| ⊂ |λ∞|. Sine λ˙n onverges to λ˙ whih satises |λ˙| ⊂ |λ∞|, then
either c is a leaf of λ and we will denote its weight by w(c), or c is a simple losed urve disjoint
from λ and we will take w(c) = 0.
We will prove the laim by assuming that w(c) < π and by ending in a ontradition.
Let S be a omponent of ∂M − λ(p) whose losure ontains c. From the fat that rn(π1(S))
onverges geometrially to r∞(π1(S)) we dedue that lsn(c) −→ 0.
In the ase where, up to extrating a subsequene, i(c, λn) is equal to 0 for all n, it follows
from [BoO, Lemma 19℄ that c is a leaf of λ with a weight equal to π.
Let us onsider the other ase and let us extrat a subsequene suh that i(c, λn) > 0. Let
η > 0 be a number suh that π − η is less than w(c). The urve c lies in the boundaries of
two surfaes F 1 and F 2 (whih may oinide) suh that the following holds : c ⊂ int(F 1 ∪ F 2)
and either F 1 (resp. F 2) is a pair of pants satisfying int(F 1) ∩ |λ| = ∅ or there is onneted
omponent of λ whih is an arational geodesi lamination in F 1 (resp. F 2). We will only deal
with the ase where F 1 and F 2 are distint, the other ase is handled in the same way. Let
d be a simple losed geodesi interseting c in two points suh that i(d, λ − c) ≤ η. We have
i(c, λ) ≤ 2π− η. Consider a point x1n (respetively x2n) of d∩F 1− λn (respetively d∩F 2 − λn)
lying in the thik part of (F 1, sn) (respetively (F
2, sn)). We may hoose the x
j
n so that if k1n and
k2n are the onneted omponents of d− {x1n, x2n} then we have
∫
k
j
n
dλ −→ i(d,λ)2 . The existene
of suh points xjn omes from the fat that in a neighborhood V (c) of c, λn ∩ V (c) is a family
of ompat ars eah one spiraling many times toward c (beause c lies in any limit of λn for
the Hausdor topology, see Claim 2.2) and arrying a small measure (sine, by Claim 2.4, we
have i(λn, c) −→ 0)) Let yjn ⊂ kjn be a point suh that if κjn is the segment of kjn joining x1n and
yjn (f. gure 2), then we have
∫
κ
j
n
dλn −→ i(d,λ)4 . Let κ3n and κ4n be the segments joining x1n to
y2n and y
1
n to x
2
n respetively. We have
∫
κ
j
n
dλn −→ i(c,λ)4 ≤ π2 − η4 for any j ∈ {1, 2, 3, 4}. For
j ∈ {1, 2, 3, 4}, onsider a lift κ˜jn ⊂ C(ρn) ⊂ H3 of κjn suh that
⋃
j κ˜
j
n is onneted. Let d˜
j
n ⊂ H3
15
PSfrag replaements
κ1n κ
2
nκ3n κ4n
x1n
x2n
y1n
y2n
λn
Figure 2: Cutting c
be the geodesi segment joining the verties of κ˜jn.
If there is j0 suh that lsn(κ
j0
n ) is bounded, then κ
j0
n is entirely ontained in the thik part
of (F 1 ∪ F 2, sn). Sine fn(F 1) and fn(F 2) tend to pleated surfaes whose bending measured
geodesi laminations are λ ∩ F j , we have limn−→∞
∫
κ
j0
n
dλn ≤ i(d, λ − c) ≤ η. Furthermore,
we have
∫
κ
j0
n
dλn −→ i(c,λ)4 , hene i(c, λ) ≤ 4η. Sine d intersets c transversally, and sine
lsn(d) −→ 0, lsn(d) tends to ∞. Taking η < π8 , we get from the slight bending lemmas (Lemma
3.11) that lσn(d
∗) ≥ C4η(lsn(d) + A4η). Thus lσn(d∗) tends to ∞ ontraditing the algebrai
onvergene of ρn.
Thus we have ∀j, lsn(κjn) −→ ∞. The slight bending Lemmas (Lemma 3.10) says that
there is C > 0 suh that lsn(κ˜
j
n) ≤ Clσn(d˜jn) and that the interior angle between two adjaent
segments d˜jn is greater than
η
2 . Let a be the element of π1(M) suh that ρn(a) xes d
∗
and let
d˜n =
⋃
i∈Z;j=1,2,3,4 a
i(κjn). The urve d˜n is the union of long geodesi segments with interior
angles greater than
η
2 . It follows from a lassial result (see [Ot2℄ for example) that there is K
suh that l(d˜n/a) is smaller than Klσn(d
∗). Thus we get lsn(d) ≤ Cl(d˜n/a) ≤ CKlσn(d∗). Sine
lsn(d) −→∞, this yields a ontradition with the algebrai onvergene of σn.
It follows that λ˙ = λ˙∞. Thus Proposition 4.1 is proved.
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